A new class of distributions, called as normal power series (NPS), which contains the normal one as a particular case, is introduced in this paper. This new class which is obtained by compounding the normal and power series distributions, is presented as an alternative to the class of skew-normal and Balakrishnan skew-normal distributions, among others. The density and distribution functions of this new class of distributions, are given by a closed expression which allows us to easily compute probabilities, moments and related measurements. Estimation of the parameters of this new model by maximum likelihood method via an EM-algorithm is given. Finally, some applications are shown as examples.
INTRODUCTION
Recently, many distributions to model lifetime data have been studied and generalized by compounding of some discrete and important lifetime distributions. Adamidis and Loukas (1998) , introduced exponentialgeometric (EG) distribution by compounding the exponential and geometric distributions. In the similar manner exponential-Poisson (EP), exponential-logarithmic (EL), exponential-power series (EPS), Weibullgeometric (WG) and Weibull-power series (WPS) distributions were introduced by Tahmasbi and Rezaei (2008) In recent years, techniques for extending the family of normal distributions have been proposed. The method applied here can be considered an alternative to the well-known skew-normal distribution (Azzalini (1985) ), whose properties (Azzalini (1986); Azzalini and Chiogna (2004) ), estimation (Gupta and Gupta (2008) ), diagnostics (Xie et al. (2009) ), generalization (Gupta and Gupta (2004) and multivariate extension (Azzalini and Valle, 1996; Azzalini and Capitanio, 1999; Arnold and Beaver, 2002) have been widely developed. Other ways of obtaining skewed normal distributions have also been introduced, such as the Balakrishnan skew-normal density in Sharafi and Behboodian (2008) , the variance-gamma process in Fung and Seneta (2007) and the generalized normal distribution in Nadarajah (2005) , among others. Whenever the Fisher information matrix of this skew-normal model is singular for values of the added parameter λ, and the maximal likelihood estimate of this parameter can be infinite with a positive probability, an alternative model would be desirable. (1 + θ) k − 1
In this paper, we introduce a new generalization of the normal distribution which is called the NPS class of distributions and is denoted by N P S(µ, σ, θ). The method used to insert the new parameter is described in Marshall and Olkin (1997) for the first time, where it was applied to the exponential and Weibull families. This method enables us to obtain explicit expressions for the probability density functions and survival functions and allow us to MLE-estimate via an EM-algorithm of the model parameters with the help of appropriate R software.
Note that all of these distribution have ranges on (0, ∞), but in this paper we introduced the new generalization of normal distribution, which has range in (−∞, ∞). To begin with, we shall use the following notation throughout this paper: φ(·) for the standard normal probability density function (pdf), φ n (· ; µ, Σ) for the pdf of N n (µ, Σ) (n -variate normal distribution with mean vector µ and covariance matrix Σ), Φ n (· ; µ, Σ) for the cdf of N n (µ, Σ) (in both singular and non-singular cases), simply Φ n (· ; Σ) for the case when µ = 0.
The rest of this paper is organized as follows. In Section 2, we define the class of NPS distributions. The density, hazard rate and survival functions and some of their properties are given in this section. In Section 3, we derive moments of NPS distributions by two method. In Section 4, we present some special distributions which are studied in details. Some properties of sub model of NPS distristribution are studied in section 5. Estimation of the parameters by maximum likelihood method and inference for large sample are presented in Section 6. The EM-algorithm with a method evaluating the standard errors from the EM-algorithm is presented in Section 7. Simulation study is given in Section 8. Applications to two real data sets are given in Section 9. Finally, Section 10 concludes the paper.
The NPS class
Let X 1 , .., X N be a random sample from normal distribution with mean µ and variance σ 2 and let the random variable N has a power series distributions (truncated at zero) with the probability mass function
where a n > 0 depends only on n, C(θ) = ∞ n=1 a n θ n and θ ∈ (0, s) (s can be ∞) is such that C(θ) is finite. Table 1 lists some particular cases of the truncated (at zero) power series distributions (geometric, Poisson, logarithmic, binomial and negative binomial). Detailed properties of power series distributions can be found in Noack (1950) . Here, C ′ (θ), C ′′ (θ) and C ′′′ (θ) denote the first, second and third derivatives of C(θ) with respect to θ, respectively.
where Φ(·) denotes the cdf of standard normal distribution. The cdf of normal power series (NPS) class of distributions is defined by the marginal cdf of Y , i.e.,
We denote a random variable Y follows NPS distributions by N P S(µ, σ, θ). The density function of NPS follows immediately as:
2)
The corresponding survival and hazard rate functions are
,
respectively. One can put µ = 0 and σ = 1 and obtains the standard version on NPS class of distributions denote by N P S(0, 1, θ). Fig. 1 shows the probability density function and hazard rate function of the classical normal distribution and the NPS distributions proposed in this paper for some choices of C(θ). It can be seen that the new model is very versatile and that the value of θ has a substantial effect on the skewness of the probability density function.
Proposition 2.1. For the pdf and cdf of NPS class of distributions, we have
Proposition 2.2. Let c = min{n ∈ N : a n > 0}. As θ → 0 + we have
Proposition 2.3. The densities of NPS class of distributions can be written as infinite number of linear combination of density of order statistics. We know that C ′ (θ) = ∞ n=1 na n θ n−1 , therefore
where g X (n) (y; n) denotes the density function of X (n) = max (X 1 , .., X n ) .
Proposition 2.4.
The γth quantile of the NPS class of distributions is given by
One can use this expression for generating a random sample from NPS distributions with generating data from uniform distribution.
Moments of the NPS distributions
In this section we give two method to obtain the moments of the NPS distributions.
(i) First method Jamalizadeh and Balakrishnan (2010) considered unified skew-elliptical distributions which contains unified skew-normal distribution as a special case. The univariate random variable
and Ω ∈R k×k is a positive definite dispersion matrix, is said to have a unified skew-normal distribution, denoted by
Furthermore, the moment generating function of
The mean of Z k,θ can be obtained as the following lemma.
where, for some i,
with Ω+λλ
In the special case when γ = 0, the moments can be determined rather easily. If in this case the generalized skew-normal is denoted by Z k,λ,Ω , we then have
where Ω+λλ
is as given above. In this case, was obtained a recurrence formula for the moments of Z k,λ,Ω ∼ SN (k, λ, Ω). For simplicity, they presented in the following lemma this recurrence formula for the case when Ω is the correlation matrix.
Lemma 3.2. We have, for
where
T and I n−1 ∈ R n−1×n−1 .
We used the above lemmas and equation (3.1), without loss of generality, to obtain the moment generating function, kth moment and the first moment of N P S(µ, σ, θ), when µ = 0 and σ = 1 in the following proposition. 
, and
respectively.
One can derive the second moment of NPS distributions as
(ii) Second method In the following proposition we present another formulation for calculate the kth moment around the origin of the random variable Y ∼ N P S(µ, σ, θ). First, we give two well-known relationship, which are necessary in the following proposition. If Φ(x; µ, σ) denotes the cdf of N (µ, σ 2 ) distribution, then we have
and
We have
2) and change of variable Φ (y; µ, σ) = t gives
Now, by changing the variable to u =
thus, the result follows from the Eq. (3.3). Table 1 contains values for µ k (k = 1, 2, 3, 4) in a N P S(0, 1, θ) distributions for some values of θ. Also, the variance and the skewness coefficient Sk given by Sk = µ 3 /σ 3 , is included in Table 1 .
Special cases of NPS class of distributions
In this section four important sub-models of NPS class of distributions are studied in details. These models are normal geometric (NG), normal Poisson (NP), normal logarithmic (NL) and normal binomial (NB) distributions.
Normal geometric distribution
Using Table 1 , the NPS distributions contain NG distribution when a n = 1 and C(θ) = θ 1−θ (0 < θ < 1). Using Eq. (2.1), the cdf of NG is given by
The pdf and hazard rate functions of NG distribution are 
, respectively, where y ∈ R, µ ∈ R, σ > 0 and 0 < θ < 1. We use the notation Y ∼ N G(µ, σ, θ) when the random variable Y has NG distribution with location µ, scale σ and shape parameter θ.
Remark 4.1. Even when θ ≤ 0, Equation (4.2) is also a density function. We can then define the NG distribution by Equation (4.2) for any θ < 1. Some special sub-models of the NG distribution are obtained as follows. If θ = 0, we have the normal distribution. When θ → 1 − , the NG distribution tends to a distribution degenerate in zero. Hence, the parameter θ can be interpreted as a concentration parameter. Figure 3 shows the NG density and hazard rate functions for selected values θ where µ = 0 and σ = 1.
Proof. The logarithm of the likelihood ratio
is an increasing function of y if θ 1 > θ 2 , since
for all y. Therefore, the NG has the likelihood ratio ordering, which implies it has the failure rate ordering as well as the stochastic ordering and the mean residual life ordering. 
respectively. Table 2 gives the first four moments, variance, skewness and kurtusis of the N G(0, 1, θ) for different values θ < 1. One can see from this table that. 
Normal Poissen distribution
The normal Poisson distribution is obtained when a n = 1 n! and C(θ) = e θ − 1. The cdf, pdf and hazard rate function of NP distribution are given by
and h(y; µ, σ, θ) = θ σ φ(
respectively, where y ∈ R and θ ∈ (0, ∞). We use the notation Y ∼ N P (µ, σ, θ) when the random variable Y has NP distribution with location µ, scale σ and shape parameter θ.
Remark 4.2. Even when θ < 0, Equation (4.3) is also a density function. We can then define the NG distribution by Equation (4.3) for any θ ∈ R-{0} . Table 3 gives the first four moments, variance, skewness and kurtusis of the N P (0, 1, θ) for different values θ > 0. One can see from this table that. Figure 4 shows the skewness and kurtusis plot of the N P (0, 1, θ) for different values θ. 
Normal-binomial distributions
When a n = m n and C(θ) = (θ + 1) m − 1(θ > 0), where m (n ≤ m) is the number of replicas. we obtain the Normal-binomial distribution (N B) with cdf respectively, where y ∈ R and θ ∈ (0, ∞). We use the notation Y ∼ N B(µ, σ, θ) when the random variable Y has NB distribution with location µ, scale σ and shape parameter θ.
Remark 4.3. Even when θ < 0, Equation (4.5) is also a density function. We can then define the NB distribution by Equation (4.5) for any θ ∈ R-{0}. 
Normal-logarithmic distributions
When a n = 1 n and c(θ) = − log(1 − θ)(0 < θ < 1) we obtain the Normal-logarithmic distribution (N L) with cdf
, y∈R.
the pdf and hazard rate function are , respectively, where y ∈ R and θ ∈ (0, 1). We use the notation Y ∼ N L(µ, σ, θ) when the random variable Y has NL distribution with location µ, scale σ and shape parameter θ. Remark 4.4. Even when θ < 0, Equation (4.6) is also a density function. We can then define the NL distribution by Equation (4.6) for any θ ∈ (−∞, 0) ∪ (0, 1). Figure 6 shows the NL density and hazard rate functions for selected values θ where µ = 0 and σ = 1. 
respectively. 
Properties of sub model of NPS distristribution
In this section we present some additional and useful properties of the sub models of NPS distribution. 
and hence the proof is compeleted.
In the following proposition we give approximations for first and second moments around the origin of NG, NP and NB distributions. 
, then E(Y ) and E(Y 2 ) are approximated as:
Proof. For (i), note first that
After the change of variable u = 1−θΦ(µ, σ, θ), we obtain
2 . Therefore we have
the result is obtained by solving the integral. Finally, E(Y 2 ) is derived in the same manner after simple computation. Parts (ii) and (iii) follow in a same way.
Estimation and inference
In this section, we discuss the estimation of the parameters of N P S distribution. let Y 1 , Y 2 , ..., Y n be a random sample with observed values y 1 , y 2 , ..., y n from a N P S(µ, σ, θ) and Ψ = (µ, σ, θ) T be a parameter vector. The total log-likelihood function is given by 
The solution of this nonlinear system of equation has not a closed form. The observed information matrix is obtained for approximate confidence intervals and hypothesis tests of the vector. The 3 × 3 observed information matrix is
The asymptotic distribution of
, that can be used to create approximate intervals and confidence regions for the parameters and for the hazard and the survival functions. An 100(1− γ) asymptotic confidence interval for each parameter Ψ r is given by
where I rr is the (r, r) diagonal element of I n ( Ψ) −1 for r = 1, 2, 3 and Z γ/2 is the quantile 1 − γ/2 of the standard normal distribution.
EM-algorithm
The EM algorithm is one such elaborate technique. The EM algorithm is a general method of finding the maximum likelihood estimate of the parameters of an underlying distribution from a given data set when the data is incomplete or has missing values. There are two main applications of the EM algorithm. The first occurs when the data indeed has missing values, due to problems with or limitations of the observation process. The second occurs when optimizing the likelihood function is analytically intractable but when the likelihood function can be simplified by assuming the existence of and values for additional but missing (or hidden) parameters. We define a hypothetical complete-data distribution with a joint probability density function in the form
where σ > 0, θ y∈R and z ∈ N . The probability density function of Z given Y = y is given by
After some simple calculation we have
The complete-data log-likelihood has the form
The components of the score function U c (y, z;
The maximum likelihood estimates can be obtained from the iterative algorithm given by
where µ (h+1) , σ (h+1) and θ (h+1) are found numerically. Here, for i = 1, ..., n, we have that
) .
Evaluation of the standard errors from the EM-algorithm
By using the results of Louis (1982) we obtain the standard errors of the estimators from the EM-algorithm. The elements of the 3 × 3 observed information matrix I c (Ψ; y, z) = − ∂U C (y,z;Ψ) ∂Ψ are given by
Taking the conditional expectation of I c (Ψ; y, z) = − ∂U C (y,z;Ψ) ∂Ψ given y, we obtain the 3 × 3 matrix
where 
Moving now to the computation of l m (Ψ; y) as
in which θ * = θΦ
. and applying (7.1) and (7.2), we obtain the observed information as
The standard errors of the MLEs of the EM-algorithm are the square root of the diagonal elements of the I Ψ; y .
Simulation
This section provides the results of simulation study. Simulations have been performed in order to investigate the proposed estimator of, µ, σ, θ of the proposed MLE method. We simulate 1000 times under the NG distribution with three different sets of parameters and sample sizes n =50, 100, 200 and 300. For each sample size, we compute the MLEs by EM-method. We also compute the standard error of the MLEs of the EM-algorithm determined though the Fisher information matrix. 
Application
In this section, we try to illustrate the better performance of the proposed model. For this end, we fit NG, NP and NL models to two real data sets. We also fit the Azzalini's skew-normal (ASN) and normal distributions to make a comparison with the NPS models. The first data concerning the heights (in centimeters) of 100 Australian athletes. The data have been previously analyzed in Cook and Weisberg and are available for download at http://azzalini.stat.unipd.it/SN/index.html. We estimate parameters by numerically maximizing the likelihood function. The MLEs of the parameters, the maximized loglikelihood, the AIC (Akaike Information Criterion) and BIC (Bayesian Information Criterion) for the NG, NP, NL, normal and azzalini's skew-normal models are given in Table 5 .
As is well known, a model with a minimum AIC value is to be preferred. Therefor NG distribution provides a better fit to this data set than the other distributions and hence could be chosen as the best distribution. Also this conclusion is confirmed from the plots of the densities functions in Figure 7 . The second data represent the Oits IQ Scores for 52 non-White males hired by a large insurance company in 1971 given in Roberts (1988) . Table 6 gives the MLEs of the parameters, the maximized log-likelihood, the AIC and BIC for the NG, NP, NL, Normal and ASN models for the second data set.
The results for this data set show that the NG distributions yield the best fit among the NG, NL, normal and ASN distributions. Also the plots of the densities function in Fiure 8 confirmed this conclusion. 
Conclusion
In this paper we introduce a new three-parameter class of distributions called the normal power series distributions (NPS), which is an alternative to the Azzalini skew-normal distribution for fitting skewed data. The NPS distributions contain the NG, NP, NB and NL distributions as special cases. We obtain closed form expressions for the moments. The estimation of the unknown parameters of the proposed distribution is approached by the EM-algorithm. Finally, we fitted NPS models to two real data sets to show the potential of the new proposed class. 
